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A NOTE ON SOLVABLE MAXIMAL SUBGROUPS
IN SUBNORMAL SUBGROUPS OF GLn(D)
HUỲNH VIÊ. T KHÁNH AND BÙI XUÂN HẢI
Abstract. Let D be a non-commutative division ring, and G be a subnormal
subgroup of GLn(D). Assume additionally that the center of D contains at
least five elements if n > 1. In this note, we show that if G contains a non-
abelian solvable maximal subgroup, then n = 1 and D is a cyclic algebra of
prime degree over the center.
1. Introduction
In the theory of skew linear groups, one of unsolved difficult problems is that
whether the general skew linear group over a division ring contains maximal sub-
groups. In [1], the authors conjectured that for n ≥ 2 and a division ring D, the
group GLn(D) contains no solvable maximal subgroups. In [2], this conjecture was
shown to be true for non-abelian solvable maximal subgroups. In this paper, we
consider the following more general conjecture.
Conjecture 1. Let D be a division ring, and G be a non-central subnormal sub-
group of GLn(D). If n ≥ 2, then G contains no solvable maximal subgroups.
We note that this conjecture is not true if n = 1. Indeed, it was proved in [1] that
the subgroup C∗ ∪C∗j is a solvable maximal subgroup of the multiplicative group
H
∗ of the division ring of real quaternions H. In this note, we show that Conjecture
1 is true for non-abelian solvable maximal subgroups of G, that is, we prove that
G contains no non-abelian solvable maximal subgroups. This fact generalizes the
main result in [2] and it is a consequence of Theorem 3.7 in the text.
Throughout this note, we denote by D a division ring with center F and by
D∗ the multiplicative group of D. For a positive integer n, the symbol Mn(D)
stands for the matrix ring of degree n over D. We identify F with F In via the ring
isomorphism a 7→ aIn, where In is the identity matrix of degree n. If S is a subset
of Mn(D), then F [S] denotes the subring of Mn(D) generated by the set S ∪ F .
Also, if n = 1, i.e., if S ⊆ D, then F (S) is the division subring of D generated by
S∪F . Recall that a division ring D is locally finite if for every finite subset S of D,
the division subring F (S) is a finite dimensional vector space over F . If H and K
are two subgroups in a group G, then NK(H) denotes the set of all elements k ∈ K
such that k−1Hk ≤ H , i.e., NK(H) = K ∩NG(H). If A is a ring or a group, then
Z(A) denotes the center of A.
Key words and phrases. division ring; maximal subgroup; solvable group; polycyclic-by-finite
group.
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Let V = Dn = {(d1, d2, . . . , dn) |di ∈ D}. If G is a subgroup of GLn(D), then
V may be viewed as D-G bimodule. Recall that a subgroup G of GLn(D) is
irreducible (resp. reducible, completely reducible) if V is irreducible (resp. reducible,
completely reducible) as D-G bimodule. If F [G] = Mn(D), then G is absolutely
irreducible over D. An irreducible subgroup G is imprimitive if there exists an
integer m ≥ 2 such that V = ⊕mi=1Vi as left D-modules and for any g ∈ G the
mapping Vi → Vig is a permutation of the set {V1, · · · , Vm}. If G is irreducible and
not imprimitive, then G is primitive.
2. Auxiliary lemmas
Lemma 2.1. Let D be a division ring with center F , and M be a subgroup of
GLn(D). If M/M ∩ F
∗ is a locally finite group, then F [M ] is a locally finite
dimensional vector space over F .
Proof. Take any finite subset {x1, x2, . . . , xk} ⊆ F [M ] and write
xi = fi1mi1 + fi2mi2 + · · ·+ fismis .
Let G =
〈
mij : 1 ≤ i ≤ k, 1 ≤ j ≤ s
〉
be the subgroup of M generated by all mij .
Since M/M ∩ F ∗ ∼= MF ∗/F ∗ is locally finite, the group GF ∗/F ∗ is finite. Let
{y1, y2, . . . , yt} be a transversal of F
∗ in GF ∗ and set
R = Fy1 + Fy2 + · · ·+ Fyt.
Then, R is a finite dimensional vector space over F containing {x1, x2, . . . , xk}. 
Lemma 2.2. Every locally solvable periodic group is locally finite.
Proof. Let G be a locally solvable periodic group, and H be a finitely generated
subgroup of G. Then, H is solvable with derived series of length n ≥ 1, say,
1 = H(n) EH(n−1) E · · ·EH ′ EH.
We shall prove that H is finite by induction on n. For if n = 1, then H is a finitely
generated periodic abelian group, so it is finite. Suppose n > 1. It is clear that
H/H ′ is a finitely generated periodic abelian group, so it is finite. Hence, H ′ is
finitely generated. By induction hypothesis, H ′ is finite, and as a consequence, H
is finite. 
Lemma 2.3. Let D be a division ring with center F , and G be a subnormal subgroup
of D∗. If G is solvable-by-finite, then G ⊆ F .
Proof. Let A be a solvable normal subgroup of finite index in G. Since G
is subnormal in G, so is A. By [13, 14.4.4], we have A ⊆ F . This implies that
G/Z(G) is finite, so G′ is finite too [12, Lemma 1.4, p. 115]. Therefore, G′ is a
finite subnormal subgroup of D∗. In view of [6, Theorem 8], it follows that G′ ⊆ F ,
hence G is solvable. Again by [13, 14.4.4], we conclude that G ⊆ F . 
For our further use, we also need one result of Wehrfritz which will be restated
in the following lemma for readers’ convenience.
Lemma 2.4. [16, Proposition 4.1] Let D = E(A) be a division ring generated as
such by its metabelian subgroup A and its division subring E such that E ≤ CD(A).
Set H = ND∗(A), B = CA(A
′), K = E(Z(B)), H1 = NK∗(A) = H ∩K
∗, and let
T be the maximal periodic normal subgroup of B.
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(1) If T has a quaternion subgroup Q = 〈i, j〉 of order 8 with A = QCA(Q), then
H = Q+AH1, where Q
+ = 〈Q, 1 + j,−(1 + i+ j + ij)/2〉. Also, Q is normal
in Q+ and Q+/〈−1, 2〉 ∼= AutQ ∼= Sym(4).
(2) If T is abelian and contains an element x of order 4 not in the center of B,
then H = 〈x+ 1〉AH1.
(3) In all other cases, H = AH1.
3. Maximal subgroups in subnormal subgroups of GLn(D)
Proposition 3.1. Let D be a division ring with center F , and G be a subnormal
subgroup of D∗. If M is a non-abelian solvable-by-finite maximal subgroup of G,
then M is abelian-by-finite and [D : F ] <∞.
Proof. SinceM is maximal in G andM ⊆ F (M)∗∩G ⊆ G, eitherM = F (M)∗∩
G or G ⊆ F (M)∗. The first case implies that M is a solvable-by-finite subnormal
subgroup of F (M)∗, which yields M is abelian by Lemma 2.3, a contradiction.
Therefore, the second case must occur, i.e., G ⊆ F (M)∗. By Stuth’s theorem
(see e.g. [13, 14.3.8]), we conclude that F (M) = D. Let N be a solvable normal
subgroup of finite index in M . First, we assume that N is abelian, soM is abelian-
by-finite. In view of [17, Corollary 24], the ring F [N ] is a Goldie ring, and hence it
is an Ore domain whose skew field of fractions coincides with F (N). Consequently,
any α ∈ F (N) may be written in the form α = pq−1, where q, p ∈ F [N ] and q 6= 0.
The normality of N in M implies that F [N ] is normalized by M . Thus, for any
m ∈M , we have
mαm−1 = mpq−1m−1 = (mpm−1)(m−1qm)−1 ∈ F (N).
In other words, L := F (N) is a subfield of D normalized byM . Let {x1, x2, . . . , xk}
be a transversal of N in M and set
∆ = Lx1 + Lx2 + · · ·+ Lxk.
Then, ∆ is a domain with dimL∆ ≤ k, so ∆ is a division ring that is finite
dimensional over its center. It is clear that ∆ contains F and M , so D = ∆ and
[D : F ] <∞.
Next, we suppose that N is a non-abelian solvable group with derived series of
length s ≥ 1. Then we have such a series
1 = N (s) EN (s−1) EN (s−2) E · · ·EN ′ EN EM.
If we set A = N (s−2), then A is a non-abelian metabelian normal subgroup of
M . By the same arguments as above, we conclude that F (A) is normalized by
M and we have M ⊆ NG(F (A)
∗) ⊆ G. By the maximality of M in G, either
NG(F (A)
∗) = M or NG(F (A)
∗) = G. If the first case occurs, then G ∩ F (A)∗ is
a subnormal subgroup of F (A)∗ contained in M . Since M is solvable-by-finite, so
is G ∩ F (A)∗. By Lemma 2.3, A ⊆ G ∩ F (A)∗ is abelian, a contradiction. We
may therefore assume that NG(F (A)) = G, which says that F (A) is normalized by
G. In view of Stuth’s theorem, we have F (A) = D. From this we conclude that
Z(A) = F ∗ ∩ A and F = CD(A). Set H = ND∗(A), B = CA(A
′), K = F (Z(B)),
H1 = H ∩K
∗, and T to be the maximal periodic normal subgroup of B. Then H1
is an abelian group, and T is a characteristic subgroup of B and hence of A. In
view of Lemma 2.4, we have three possible cases:
Case 1: T is not abelian.
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Since T is normal in M , we conclude that M ⊆ NG(F (T )
∗) ⊆ G. By the
maximality of M in G, either M = NG(F (T )
∗) or G = NG(F (T )
∗). The first
case implies that F (T )∗ ∩ G is subnormal in F (T )∗ contained in M . Again by
Lemma 2.3, it follows that T ⊆ F (T ) ∩ G is abelian, a contradiction. Thus,
we may assume that G = NG(F (T )
∗), which implies that F (T ) = D by Stuth’s
theorem. By Lemma 2.2, T is locally finite. In view of Lemma 2.1, we conclude
that D = F (T ) = F [T ] is a locally finite division ring. Since M is solvable-by-
finite, it contains no non-cyclic free subgroups. In view of [5, Theorem 3.1], it
follows [D : F ] <∞ and M is abelian-by-finite.
Case 2: T is abelian and contains an element x of order 4 not in the center of
B = CA(A
′).
It is clear that x is not contained in F . Because x is of finite order, the field F (x)
is algebraic over F . Since 〈x〉 is a 2-primary component of T , it is a characteristic
subgroup of T (see the proof of [16, Theorem 1.1, p. 132]). Consequently, 〈x〉 is a
normal subgroup of M . Thus, all elements of the set xM := {m−1xm|m ∈ M} ⊆
F (x) have the same minimal polynomial over F . This implies |xM | <∞, so x is an
FC-element, and consequently, [M : CM (x)] < ∞. Setting C = CoreM (CM (x)),
then C E M and [M : C] is finite. Since M normalizes F (C), we have M ⊆
NG(F (C)
∗) ⊆ G. By the maximality of M in G, either NG(F (C)
∗) = M or
NG(F (C)
∗) = G. The last case implies that F (C) = D, and consequently, x ∈ F ,
a contradiction. Thus, we may assume that NG(F (C)
∗) = M . From this, we
conclude that G ∩ F (C)∗ is a subnormal subgroup of F (C)∗ which is contained
in M . Thus, C ⊆ G ∩ F (C)∗ is contained in the center of F (C) by [13, 14.4.4].
Therefore, C is an abelian normal subgroup of finite index in M . By the same
arguments used in the first paragraph we conclude that [D : F ] <∞.
Case 3: H = AH1.
Since A′ ⊆ H1 ∩ A, we have H/H1 ∼= A/A ∩H1 is abelian, and hence H
′ ⊆ H1.
Since H1 is abelian, H
′ is abelian too. Moreover,M ⊆ H , it follows thatM ′ is also
abelian. In other words, M is a metabelian group, and the conclusions follow from
[4, Theorem 3.3]. 
Let D be a division ring, and G be a subnormal subgroup of D∗. It was showed
in [4, Theorem 3.3] that if G contains a non-abelian metabelian maximal subgroup,
then D is cyclic of prime degree. The following theorem generalizes this phenome-
non.
Theorem 3.2. Let D be a division ring with center F , and G be a subnormal
subgroup of D∗. If M is a non-abelian solvable maximal subgroup of G, then the
following conditions hold:
(i) There exists a maximal subfield K of D such that K/F is a finite Galois
extension with Gal(K/F ) ∼= M/K∗ ∩ G ∼= Zp for some prime p, and [D :
F ] = p2.
(ii) The subgroup K∗ ∩G is the FC-center. Also, K∗ ∩G is the Fitting subgroup
of M . Furthermore, for any x ∈ M \K, we have xp ∈ F and D = F [M ] =⊕p
i=1Kx
i.
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Proof. By Proposition 3.1, it follows that [D : F ] < ∞. Since M is solvable,
it contains no non-cyclic free subgroups. In view of [4, Theorem 3.4], we have
F [M ] = D, there exists a maximal subfield K of D containing F such that K/F is
a Galois extension, NG(K
∗) =M , K∗∩G is the Fitting normal subgroup ofM and
it is the FC-center, and M/K∗ ∩ G ∼= Gal(K/F ) is a finite simple group of order
[K : F ]. SinceM/K∗∩G is solvable and simple, one hasM/K∗∩G ∼= Gal(K/F ) ∼=
Zp, for some prime number p. Therefore, [K : F ] = p and [D : F ] = p
2. For
any x ∈ M\K, if xp 6∈ F , then by the fact that F [M ] = D, we conclude that
CM (x
p) 6=M . Moreover, since xp ∈ K∗∩G, it follows that 〈x,K∗ ∩G〉 ≤ CM (x
p).
In other words, CM (x
p) is a subgroup of M strictly containing K∗ ∩ G. Because
M/K∗ ∩ G is simple, we have CM (x
p) = M , a contradiction. Therefore xp ∈ F .
Furthermore, since xp ∈ K and [D : K]r = p, we conclude D =
⊕p−1
i=1 Kxi. 
Also, the authors in [11] showed that if D is an infinite division ring, then
D∗ contains no polycyclic-by-finite maximal subgroups. In the following corollary,
we will see that every subnormal subgroup of D∗ does not contain non-abelian
polycyclic-by-finite maximal subgroups.
Corollary 3.3. Let D be a division ring with center F , G be a subnormal subgroup
of D∗, and M be a non-abelian maximal subgroup of G. Then M cannot be finitely
generated solvable-by-finite. In particular, M cannot be polycyclic-by-finite.
Proof. Suppose that M is solvable-by-finite. Then by Proposition 3.1 , we
conclude that [D : F ] < ∞. In view of [10, Corollary 3], it follows that M is not
finitely generated. The rest of the corollary is clear. 
Theorem 3.4. Let D be a non-commutative locally finite division ring with center
F , and G be a subnormal subgroup of GLn(D), n ≥ 1. If M is a non-abelian
solvable maximal subgroup of G, then n = 1 and all conclusions of Theorem 3.2
hold.
Proof. By [5, Theorem 3.1], there exists a maximal subfield K of Mn(D) con-
taining F such that K∗ ∩ G is a normal subgroup of M and M/K∗ ∩G is a finite
simple group of order [K : F ]. Since M/K∗ ∩ G is solvable and simple, we con-
clude M/K∗ ∩ G ∼= Zp, for some prime number p. It follows that [K : F ] = p and
[Mn(D) : F ] = p
2, from which we have n = 1. Finally, all conclusions follow from
Theorem 3.2. 
Lemma 3.5. Let R be a ring, and G be a subgroup of R∗. Assume that F is
a central subfield of R and that A is a maximal abelian subgroup of G such that
K = F [A] is normalized by G. Then F [G] = ⊕g∈TKg for every transversal T of A
in G.
Proof. For the proof of this lemma, we use the similar techniques as in the proof
of [2, Lemma 3.1]. Since K is normalized by G, it follows that F [G] =
∑
g∈T Kg
for every transversal T of A in G. Therefore, it suffices to prove that every finite
subset {g1, g2, . . . , gn} ⊆ T is linearly independent over K. Assume by contrary
that there exists such a non-trivial relation
k1g1 + k2g2 + · · ·+ kngn = 0.
Clearly, we can suppose that all ki are non-zero, and that n is minimal. If n = 1,
then there is nothing to prove, so we can suppose n > 1. Since the cosets Ag1
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and Ag2 are disjoint, we have g
−1
1 g2 6∈ A = CG(A). So, there exists an element
x ∈ A such that g−11 g2x 6= xg
−1
1 g2. For each 1 ≤ i ≤ n, if we set xi = gixg
−1
i , then
x1 6= x2. Since G normalizes K, it follows xi ∈ K for all 1 ≤ i ≤ n. Now, we have
(k1g1 + · · ·+ kngn)x− x1(k1g1 + · · ·+ kngn) = 0.
By definition, we have xigi = gix, and x, xi ∈ K for all i. Recall that K = F [A] is
commutative, so from the last equality
(k1g1x+ k2g2x+ · · ·+ kngnx)− (x1k1g1 + x1k2g2 + · · ·+ x1kngn) = 0,
it follows
(k1x1g1 + k2x2g2 + · · ·+ knxngn)− (k1x1g1 + k2x1g2 + · · ·+ knx1gn) = 0.
Consequently, we get
(x2 − x1) k2g2 + · · ·+ (xn − x1) kngn = 0,
which is a non-trivial relation with less than n summands because x1 6= x2, a
contradiction. Therefore, T is linearly independent over K. 
Remark 1. In view of [9, Theorem 11], if D is a division ring with at least five
elements and n ≥ 2, then any non-central subnormal subgroup of GLn(D) contains
SLn(D) and hence is normal.
Theorem 3.6. Let D be non-commutative division ring with center F , and G be
a subnormal subgroup of GLn(D), n ≥ 2. Assume additionally that F contains at
least five elements. If M is a solvable maximal subgroup of G, then M is abelian.
Proof. If G ⊆ F , then there is nothing to prove. Thus, we may assume that
G is non-central, hence SLn(D) ⊆ G and G is normal in GLn(D) by Remark 1.
Setting R = F [M ], then M ⊆ R∗ ∩ G ⊆ G. By the maximality of M in G, either
R∗ ∩G =M or G ⊆ R∗. We need to consider two possible cases:
Case 1: R∗ ∩G =M .
The normality of G implies thatM is a normal subgroup of R∗. IfM is reducible,
then by [7, Lemma 1], it contains a copy of D∗. It follows that D∗ is solvable, and
hence it is commutative, a contradiction. We may therefore assume that M is
irreducible. Then R is a prime ring by [14, 1.1.14]. So, in view of [8, Theorem 2],
eitherM ⊆ Z(R) or R is a domain. If the first case occurs, then we are done. Now,
suppose that R is a domain. By [17, Corollary 24], we conclude that R is a Goldie
ring, and thus R is an Ore domain. Let ∆1 be the skew field of fractions of R,
which is contained in Mn(D) by [14, 5.7.8]. Since M ⊆ ∆
∗
1 ∩G ⊆ G, either G ⊆ ∆
∗
1
or M = ∆∗1 ∩G. The first case occurs implies that ∆1 contains F [SLn(D)]. Thus,
if G ⊆ ∆∗1, then by the Cartan-Brauer-Hua Theorem for the matrix ring (see e.g.
[2, Theorem D]), one has ∆1 = Mn(D), which is impossible since n ≥ 2. Thus the
second case must occur, i.e., M = ∆1 ∩G, which yields M is normal in ∆
∗
1. Since
M is solvable, it is contained in Z(∆1) by [13, 14.4.4], so M is abelian.
Case 2: G ⊆ R∗.
In this case, Remark 1 yields SLn(D) ⊆ R
∗. Thus, by the Cartan-Brauer-
Hua Theorem for the matrix ring, one has R = F [M ] = Mn(D). It follows by [15,
Theorem A] thatM is abelian-by-locally finite. Let A be a maximal abelian normal
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subgroup of M such that M/A is locally finite. Then [14, 1.2.12] says that F [A] is
a semisimple artinian ring. The Wedderburn-Artin Theorem implies that
F [A] ∼= Mn1(D1)×Mn2(D2) · · · ×Mns(Ds),
where Di are division F -algebras, 1 ≤ i ≤ s. Since F [A] is abelian, ni = 1 and
Ki := Di = Z(Di) are fields that contain F for all i. Therefore,
F [A] ∼= K1 ×K2 · · · ×Ks.
IfM is imprimitive, then by [5, Lemma 2.6], we conclude thatM contains a copy of
SLr(D) for some r ≥ 1. This fact cannot occur: if r > 1, then SLr(D) is unsolvable;
if r = 1, then D′ is solvable and hence D is commutative, a contradiction. Thus,
M is primitive, and [2, Proposition 3.3] implies that F [A] is an integral domain, so
s = 1. It follows that K := F [A] is a subfield of Mn(D) containing F . Again by [2,
Proposition 3.3], we conclude that
L := CMn(D)(K) = CMn(D)(A)
∼= Mm(∆2)
for some division F -algebra ∆2. Since M normalizes K, it also normalizes L.
Therefore, we have M ⊆ NG(L
∗) ⊆ G. By the maximality of M in G, either
M = NG(L
∗) or G = NG(L
∗). The last case implies that L∗ ∩ G is normal in
GLn(D). By Remark 1, either L
∗ ∩ G ⊆ F or SLn(D) ⊆ L
∗ ∩ G. If the first case
occurs, then A ⊆ F because A is contained in L∗ ∩ G. If the second case occurs,
then by the Cartan-Brauer-Hua Theorem for the matrix, one has L = Mn(D). It
follows that K = F [A] ⊆ F , which also implies that A ⊆ F . Thus, in both case we
have A ⊆ F . Consequently, M/M ∩ F ∗ is locally finite, and hence D is a locally
finite division ring by Lemma 2.1. If M is non-abelian, then by Theorem 3.4, we
conclude that n = 1, a contradiction. ThereforeM is abelian in this case. Now, we
consider the case M = NG(L
∗), from which we have L∗ ∩G ⊆M . In other words,
L∗ ∩ G is a solvable normal subgroup of GLm(∆2). From this, we may conclude
that L∗∩G is abelian: if m > 1, then in view of Remark 1, one has L∗∩G ⊆ Z(∆2)
or SLm(∆2) ⊆ L
∗∩G, but the latter cannot happen since SLm(∆2) is unsolvable; if
m = 1 then L = ∆2, and according to [13, 14.4.4], we conclude that L
∗∩G ⊆ Z(∆2).
In short, we have L∗ ∩ G is an abelian normal subgroup of M and M/L∗ ∩ G is
locally finite. By the maximality of A in M , one has A = L∗ ∩G. Because we are
in the case L∗ ∩G ⊆M , it follows that L∗ ∩G = L∗ ∩M . Consequently,
A = L∗ ∩M = CGLn(D)(A) ∩M = CM (A),
which means A is a maximal abelian subgroup of M .
By Lemma 3.5, F [M ] = ⊕m∈TKm for some transversal T of A in M . Thus,
for any x ∈ L, there exist k1, k2, . . . , kt ∈ K and m1,m2, . . . ,mt ∈ T such that
x = k1m1 + k2m2 + · · ·+ ktmt. Take an arbitrary element a ∈ A, since xa = ax, it
follows that
k1m1a+ k2m2a+ · · ·+ ktmta = ak1m1 + ak2m2 + · · ·+ aktmt.
By the normality of A in M , there exist ai ∈ A such that mia = aimi for all
1 ≤ i ≤ t. Moreover, we have a and ai’s are in K which is a field, the equality
implies
k1a1m1 + k2a2m2 + · · ·+ ktatmt = k1am1 + k2am2 + · · ·+ ktamt,
from which it follows that
(k1a1 − k1a)m1 + (k2a2 − k2a)m2 + · · ·+ (ktat − kta)mt = 0.
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Since {m1,m2, . . . ,mt} is linearly independent over K, one has a = a1 = · · · = at.
Consequently,mia = ami for all a ∈ A, and thusmi ∈ CM (A) = A for all 1 ≤ i ≤ t.
This means x ∈ K, and hence L = K and K is a maximal subfield of Mn(D).
Next, we prove that M/A is simple. Suppose that N is an arbitrary normal
subgroup of M properly containing A. Note that by the maximality of A in M , we
conclude that N is non-abelian. We claim that Q := F [N ] = Mn(D). Indeed, since
N is normal in M , we have M ⊆ NG(Q
∗) ⊆ G, and hence either NG(Q
∗) = M or
NG(Q
∗) = G. First, we suppose the former case occurs. Then Q∗ ∩G ⊆M , hence
Q∗ ∩G is a solvable normal subgroup of Q∗. In view of [2, Proposition 3.3], Q is a
prime ring. It follows by [8, Theorem 2] that either Q∗∩G ⊆ Z(Q) or Q is a domain.
If the first case occurs, then N ⊆ Q∗∩G is abelian, which contradicts to the choice
of N . If Q is a domain, then by Goldie’s theorem, it is an Ore domain. Let ∆3 be
the skew field of fractions of Q, which is contained in Mn(D) by [14, 5.7.8]. Because
M normalizes Q, it also normalizes ∆3, from which we have M ⊆ NG(∆
∗
3) ⊆ G.
Again by the maximality of M in G, either NG(∆
∗
3) = M or NG(∆
∗
3) = G. The
first case implies that ∆∗3 ∩ G is a solvable normal subgroup of ∆
∗
3. Consequently,
N ⊆ ∆∗3 ∩ G is abelian by [13, 14.4.4], a contradiction. If NG(∆
∗
3) = G, then
∆3 = Mn(D) by the Cartan-Brauer-Hua Theorem for the matrix ring, which is
impossible since n ≥ 2. Therefore, the case NG(Q
∗) = M cannot occur. Next, we
consider the case NG(Q
∗) = G. In this case we have Q∗ ∩GEGLn(D), and hence
either Q∗ ∩G ⊆ F or SLn(D) ⊆ Q
∗ ∩G by Remark 1. The first case cannot occur
since Q∗ ∩ G contains N , which is non-abelian. Therefore, we have SLn(D) ⊆ Q
∗.
By the Cartan-Brauer-Hua theorem for the matrix ring, we conclude Q = Mn(D)
as claimed. In other words, we have F [N ] = F [M ] = Mn(D).
For any m ∈ M ⊆ F [N ], there exist f1, f2, . . . , fs ∈ F and n1, n2, . . . , ns ∈ N
such that
m = f1n1 + f2n2 + · · ·+ fsns.
Let H = 〈n1, n2, . . . , ns〉 be the subgroup of N generated by n1, n2, . . . , ns. Set
B = AH and S = F [B]. Recall that A is a maximal abelian subgroup of M . Thus,
if B is abelian, then A = B and hence H ⊆ A. Consequently, m ∈ F [A] = K, from
which it follows that m ∈ K∗ ∩M = A ⊆ N . Now, assume that B is non-abelian,
and we will prove that m also belongs to N in this case. SinceM/A is locally finite,
B/A is finite. Let {x1, . . . , xk} be a transversal of A in B. The maximality of A in
M implies that A is a maximal abelian subgroup of B, and that A is also normal
in B. By Lemma 3.5,
S = Kx1 ⊕Kx2 ⊕ · · · ⊕Kxk,
which says that S is an artinian ring. Since CMn(D)(A) = CMn(D)(K) = L is a
field, in view of [2, Proposition 3.3], we conclude that A is irreducible. Because B
contains A, by definition, it is irreducible too. It follows by [14, 1.1.14] that S is a
prime ring. Now, S is both prime and artinian, so it is simple and S ∼= Mn0(∆0)
for some division F -algebra ∆0. If we set F0 = Z(∆0), then Z(S) = F0. Since
B is abelian-by-finite, the group ring FB is a PI-ring by [12, Lemma 11, p. 176].
Thus, as a hommomorphic image of FB, the ring S = F [B] is also a PI-ring. By
Kaplansky’s theorem ([12, Theorem 3.4, p. 193]), we conclude that [S : F0] < ∞.
Since K is a maximal subfield of Mn(D), it is also maximal in S. From this, we
conclude that F0 ⊆ CS(K) = K, and that K is a finite extension field over F0.
Recall that A is normal in B, so for any b ∈ B, the mapping θb : K → K given
by θb(x) = bxb
−1 is well defined. It is clear that θb is an F0-automorphism of K.
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Thus, the mapping
ψ : B → Gal(K/F0)
defined by ψ(b) = θb is a group homomorphism with
kerψ = CS∗(K
∗) ∩B = CS∗(A) ∩B = CB(A) = A.
Since F0[B] = S, it follows that CS(B) = F0. Therefore, the fixed field of ψ(B) is
F0, and hence K/F0 is a Galois extension. By the fundamental theorem of Galois
theory, one has ψ is a surjective homomorphism. Hence, B/A ∼= Gal(K/F0).
Setting M0 = M ∩ S
∗, then m ∈ M0, B ⊆ M0, and F0[M0] = F0[B] = S.
The conditions F0 ⊆ K and F ⊆ F0 implies that K = F [A] = F0[A]. It is clear
that A is a maximal abelian subgroup of M0, and that A is also normal in M0.
If M0/A is infinite, then there exists an infinite transversal T of A in M0 such
that S = F0[M0] = ⊕m∈TKm by Lemma 3.5. It follows that [S : K] = ∞,
a contradiction. Therefore, M0/A must be finite. Replacing B by M0 in the
preceding paragraph, we also conclude that M0/A ∼= Gal(K/F0). Consequently,
B/A ∼= Gal(K/F0) ∼= M0/A. The conditions B ⊆ M0 and B/A ∼= M0/A imply
B = M0. Hence, m ∈ M0 = B ⊆ N . Since m was chosen arbitrarily, it follows
that M = N , which implies the simplicity of M/A. Since M/A is simple and
solvable, one has M/A ∼= Zp, for some prime number p. By Lemma 3.5, it follows
dimK Mn(D) = |M/A| = p, which forces n = 1, a contradiction. 
Now, we are ready to get the main result of this note which gives in particular,
the positive answer to Conjecture 1 for non-abelian case.
Theorem 3.7. Let D be a non-commutative division ring with center F , G a
subnormal subgroup of GLn(D). Assume additionally that F contains at least five
elements if n > 1. If M is a non-abelian solvable maximal subgroup of G, then
n = 1 and the following conditions hold:
(i) There exists a maximal subfield K of D such that K/F is a finite Galois
extension with Gal(K/F ) ∼= M/K∗ ∩ G ∼= Zp for some prime p, and [D :
F ] = p2.
(ii) The subgroup K∗ ∩G is the FC-center. Also, K∗ ∩G is the Fitting subgroup
of M . Furthermore, for any x ∈ M \K, we have xp ∈ F and D = F [M ] =⊕p
i=1Kx
i.
Proof. Combining Theorem 3.2 and Theorem 3.6, we get the result. 
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